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Abstract

Akbari, Elphick, Kumar, Pragada, and Tang conjectured that every connected
graph G satisfies n4 (L(G)) < n_(L(G))+1. We prove that the failure of this inequality
is unbounded even when G is connected, simple, planar, subcubic, and a cactus. The
proof uses a rooted attachment principle: if a rooted module M has invertible line-
graph adjacency matrix K and the root-edge diagonal entry of K~! is zero, then
attaching M at an arbitrary host vertex adds In(K) to the line-graph inertia. A
rooted Cy4—Cs module has In(K) = (6,0,5) and determinant —8, and its iteration
gives graphs Fj with

In(L(F}y)) = (6k + 3,0,5k + 2), det A(L(Fy)) = 2(—8)*.

Thus sig(L(Fg)) = k + 1.

We also prove that subdividing an arbitrary edge four times gives an explicit inte-
gral unimodular congruence that adds (2,0,2) to the line-graph inertia and preserves
the determinant, adjacency cokernel, nonunit Smith invariant factors, and nullity over
every field. This yields a modulo-four reduction for subdivision vectors. An exact
computer-assisted classification of all 256 residue classes of three-cycle chains then
identifies precisely the two oriented counterexample classes.

congruence; Smith normal form; counterexample.

MSC 2020: 05C50; 15A18.

Editorial revision 2, 1 August 2026. This revision adds schematic figures, makes the
seed and amplifier certificates directly checkable from the manuscript, and improves the
abstract, reproducibility statement, and discussion. The theorem statements, hypothe-
ses, previously stated formulas, canonical exact outputs, and numerical conclusions are

unchanged from Version 2.0-revl1.

1 Introduction

For a graph X with adjacency matrix A(X), write

and

In(X) = (n4 (X), no(X), n_ (X))

sig(X) = n (X) — n_(X).



Akbari et al. [1] proposed, as Conjecture 4.12, that every connected graph G satisfies
ny (L(G)) < n_(L(G)) + 1, (1)

that is, sig(L(G)) < 1.

The original paper reported no counterexample among numerous tested graphs with
|E(G)| = |V(L(G))| < 100, and no counterexample among graphs of order at most nine.
It proved the conjecture for line graphs of trees and for the dense range m > 2n — 1,
leaving the range n < m < 2n —2 open. The graph Gy from the Version 1 manuscript [10]
has n = 14 and m = 16, so it lies in that open range and above the exhaustive order-nine
search. Its line graph has inertia (9,0,7) and signature two.

The present work addresses two questions left by a single finite counterexample.

(i) Is the failure isolated, or does it persist in an infinite structural family?

(ii) Is the amount by which (1) fails bounded?

The second question has a stronger answer: the failure is unbounded even when G is
required to be connected, simple, planar, subcubic, and a cactus graph. The mechanism
is a local rooted module that increases the line-graph signature by exactly one whenever
it is attached.

Independently and contemporaneously, Francis and Uptain [5] obtained an isomorphic
14-vertex counterexample and proved unboundedness by joining whole copies of that seed
through bridges, using a signless-Laplacian resolvent argument. The construction here
instead iterates a smaller rooted Cy—C5 module on arbitrary hosts and produces the alter-
nating cycle family Cs, (Cy, C5)*. The two papers establish the same global phenomenon
through different local mechanisms; no claim of priority for unboundedness is made here.

Ma, Yang, and Li established a real-inertia reduction along internal paths, and Wang
and Fan used that period-four mechanism in line-graph signature work [9, 11]. The con-
tribution here is narrower and stronger at the arithmetic level: for four subdivisions of
an arbitrary root edge, we give an explicit integral unimodular congruence for the line-
graph adjacency matrix. This yields the determinant, cokernel, nonunit Smith-factor,
and field-nullity consequences used below, and permits a finite exact classification of the
three-cycle-chain class containing Gjy.

The main contributions are:

1) a general rooted-module attachment formula for line-graph adjacency inertia;

2) an exact amplifier module with inertia increment (6,0, 5);

3) an alternating cycle-chain family with signature k + 1;

(1)
(2)
(3)
(4)

an explicit arbitrary-edge integral unimodular four-subdivision congruence, refining
the previously known real-inertia period-four reduction;

(5) arithmetic corollaries for Smith normal form and adjacency cokernels;

(6) an exact modulo-four classification of all three-cycle chains.

Closest related work also includes Ma and Xie’s inertia analysis of a special tricyclic
class [8], Jog and Kotambari’s spectral study of special complete-graph coalescences [7],
and Fan, Zhang, and Wang’s polynomial Smith-form results for coalescence at cospectral
vertices [3], and He and Shan’s signature analysis of two generalizations of line graphs [6].



These works are methodologically adjacent but do not give the present line-graph residue
classification, arbitrary-host zero-response attachment formula, or arbitrary-edge integral
transfer.

Chen and Li [2] refute a different conjecture from [1], namely a global quadratic in-
equality for arbitrary graphs. Their result does not address Conjecture 4.12.

2 Preliminaries

All graphs are finite and simple. For a graph G, its line graph L(G) has vertex set E(G),
with two vertices adjacent exactly when the corresponding root-graph edges share an
endpoint.

Two real symmetric matrices P and Q are congruent if Q = T'T PT for some nonsingular
matrix T'. By Sylvester’s law of inertia, congruent real symmetric matrices have the same
inertia. If 7T is an integer matrix with determinant 41, the congruence is integral and
unimodular.

We use the hyperbolic block

J:<(1) é) In(J) = (1,0,1),  det.J——

The following standard block identity will be used repeatedly.

Lemma 2.1 (Symmetric Schur elimination). Let

A C
o-(4 9

be symmetric, with K invertible. Then
Q~(A-CK'CT) oK

More explicitly,

.
I 0 I 0 .
(—K—lcT I> Q<_K—1CT I)Z(ACK ek

3 The seed counterexample
Let Gy have vertex set {0,1,...,13} and edge set

E(GO) = {(07 1) ( ) (273)7(374)7(4)0)7
(5,6),(6,7),(7,8),(8,5),

(9 ) (10 11), (11,12),(12,13),(13,9),
(0,5),(6,9)}.

Thus Gy is a chain C5—Cy4—C}s, with the bridges meeting adjacent vertices of the central
Cy.
The exact characteristic polynomial of A(L(Gp)) factors as
xo(x) = (z — 2)(z — 1)(z + 2)*(2? + = — 1)?
(2 =222 —dz +1)
(2® — at — 62 + 32 + Tx — 2). (2)



Cs

(b) the alternating family Fj

Figure 1: The seed and the unbounded family. In Gg the two bridges meet adjacent
vertices 5 and 6 of the central square. The lower panel is schematic: Fj contains k + 1
copies of C5 and k copies of Cy4, with adjacent bridge attachments in every internal cycle.

The sign count is also directly visible from the factorization. Since A(L(Gy)) is symmetric,
every root of g is real. Descartes’ rule of signs applied to the cubic and quintic factors,
and to their evaluations at —z, gives the exact contributions in Table 1; none of the factors
vanishes at zero.

Table 1: Sign contribution of the factors in (2).

Factor Positive roots Negative roots
r—2and x —1 2 0
(z +2)? 0 2
(2 +2—1)° 2 2
23— 22% — 4z +1 2 1
25— 2t — 623 + 322 + T — 2 3 2
Total 9 7
Consequently,
In(L(Gop)) = (9,0,7), det A(L(Gp)) = —16. (3)

Exact rational root isolation and exact rational congruence independently confirm the
same inertia in the reproducibility package.

An involution exchanges the two terminal Cs cycles and reflects the central Cy. In
symmetry-adapted bases, the two invariant blocks have inertias (5,0, 4) and (4,0, 3). Hence
each sector contributes one unit of signature. This observation motivates a modular rather
than accidental interpretation of the seed.

4 Rooted-module attachment

Definition 4.1. Let M be a graph with a distinguished root vertex r of degree one, and let
p = rs be its unique incident edge. If H is vertex-disjoint from M and v € V(H), write
H %, M for the graph obtained by identifying r with v.
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Figure 2: Rooted attachment. The open root vertex r is identified with the host vertex
v. In the new line graph, the root edge p is the only edge-vertex of M adjacent to old
edge-vertices of H, and those old edge-vertices are precisely the edges incident with v.

Theorem 4.2 (Rooted-module attachment). Let
A= AL(H), K= A(L(M)).

Assume K is invertible. Let e, denote the coordinate vector of the root edge in L(M), and
let z be the indicator vector of the edges of H incident with v. Then

A(L(H %y M)) ~ <A - azzT) OK, a=(K"),. (4)
In particular, if (K‘l)pp =0, then
A(L(H %y M)) ~ A(L(H)) & K. (5)

Proof. Order the vertices of the new line graph first by F(H) and then by E(M). The
only new edge of M adjacent in the line graph to old edges of H is the root edge p. It is
adjacent precisely to the old edges incident with v. Therefore

A(L(H w, M) = <6£T Z}?) -

Applying Lemma 2.1 gives the Schur complement

A— ze;K_lepzT =A— (K Y),22",
which proves (4). The zero-diagonal case gives (5). O
Corollary 4.3. Under the zero-diagonal hypothesis,

In(L(H %, M)) =In(L(H)) + In(K)
and

det A(L(H %, M)) = det A(L(H))det K.

5 A signature amplifier

Let M be the rooted graph with vertices

r,Xo,T1,T2,T3,Y0,Y1,Y2,Y3,Y4



and edges
p =Txo0,
oL, L1X2,T2X3, L3XQ,
1Yo,

Yoy1, Y1Yy2, Y243, Y3Y4, Y4Yyo-

Thus a pendant root edge is followed by a Cy and a Cs, with the two connections meeting
adjacent vertices of the Cy.
Order the edges as listed and let K = A(L(M)).

Proposition 5.1 (Amplifier certificate). The matriz K satisfies
In(K) = (6,0,5), detK = —8, (K™Y,,=0.

Proof. Appendix A displays the ordered matrix K and an explicit rational change-of-basis
matrix T with det T' = —1 such that

TTKT=Jo[-2le1/2e2Jp e ]a (2. (6)

The four hyperbolic blocks contribute (4,0,4), the positive scalar blocks contribute two
positive directions, and the scalar —2 contributes one negative direction. Hence In(K) =
(6,0,5). The product of the displayed block determinants is —8, so K is invertible.

For the inverse diagonal, set

w=(0,1/2,-1/2,-1/2,1/2,0,0,0,0,0,0)T.
Direct multiplication in the stated edge order gives
Kw = e,.
Thus w = K~ !e,. Its root coordinate is zero, proving (K~1),, = 0. O

Corollary 5.2 (One-step amplification). For every finite simple host graph H and every
vertex v € V(H),

In(L(H %, M)) =In(L(H)) + (6,0,5)
and

det A(L(H %, M)) = —8det A(L(H)).

In particular, every attachment increases line-graph signature by one.

6 Unbounded signature on a restricted graph class

Definition 6.1. Let Fy = C5, with one selected vertex. Define F1 by attaching one copy
of the module M at that selected vertex. For k > 2, obtain Fy, from Fy_1 by attaching one
copy of M to a vertex adjacent to the incoming bridge vertex on the terminal Cs. The
two such vertices are interchanged by the reflection of that Cs fixing the incoming bridge
vertex, so both choices give isomorphic graphs and Fy, is well defined up to isomorphism.
FEquivalently, Fy is the cactus chain with cycle sequence

057 047 05) 047 ) 047 05)

containing k + 1 copies of Cs and k copies of Cy, with adjacent bridge attachments in
every internal cycle.



Theorem 6.2 (Unbounded signature). For every integer k > 0,

|V (Fy)| = 9k + 5, (7)
|E(Fy)| = 11k + 5, (8)
In(L(Fy)) = (6k + 3,0,5k + 2), (9)
det A(L(Fy)) = 2(—8 (10)

Consequently,
sig(L(Fy)) =k+1 (11)

and

n (L(FY) — (n_(L(Fy) +1) = k. (12)

Proof. Since L(C5) = Cs,
In(L(Fp)) = (3,0,2), det A(L(Fp)) = 2.

The explicitly defined step Fy — F; and every subsequent step Fj_1 — F} are rooted-
module attachments. By Corollary 5.2, each adds (6,0,5) to inertia and multiplies the
determinant by —8. Induction proves the spectral formulas.

After identification of the root, each module contributes nine new vertices and eleven
new edges. This proves the order and size formulas. The signature and violation formulas
follow by subtraction. O

Corollary 6.3. The signature of line graphs is unbounded above even when the root graphs
are restricted to connected simple planar subcubic cactus graphs.

Proof. Every F}, has the stated graph-theoretic properties, and sig(L(Fy)) = k + 1 tends
to infinity. O

The seed counterexample is Fj. Thus its one-unit violation is the initial nontrivial
term of a family whose violation grows without bound.

7 Four-subdivision transfer and prior period-four reduction

The real-inertia increment under removal or insertion of a suitable four-vertex internal-
path segment predates this work [9]; Wang and Fan used this mechanism in their analysis
of line-graph signatures [11]. The theorem below does not claim priority for the (2,0,2)
inertia change. Its distinct contribution is an explicit congruence over Z for four subdi-
visions of an arbitrary root edge, with a unimodular transformation and the arithmetic
consequences that follow from it.

The amplifier changes signature. A second local operation preserves it and explains
the modulo-four structure of the cycle lengths.

Definition 7.1. For an edge e = wv of a graph G, let S4(G,e) be obtained by deleting uv,
adding four new vertices wi, ws, w3, wy, and inserting the path

U— W — W2 — W3 — Wy — V.

Let its five consecutive edges be e1,ea, €3, €4, €5.
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(a) before (b) after four subdivisions

L =~ » ]

line-graph order in the proof: R,e3 | e1,e2,e4,€5

Figure 3: Four-subdivision and the local line-graph path. Here R, and R, denote the old
edge-vertices incident with u and v, respectively. With the ordering shown, the final four
local coordinates induce J & J, which is the invertible block eliminated in Theorem 7.2.

Theorem 7.2 (Four-subdivision transfer). For every finite simple graph G and edge e,

A(L(S4(G,€))) =z A(L(G)) & J & J,
where =y denotes integral unimodular congruence. Hence

In(L(S4(G,e))) = In(L(G)) + (2,0,2).
Proof. Let R = E(G) \ {e} and order L(G) by R, e:

A(L(G)) = <i‘{ S) .

Order L(S4(G,e)) as
Ra €3 | €1, €2, €4, €5.

B C
CcT Ky

Write the resulting matrix as

The final four edge-vertices induce two disjoint edges, so Ko = J © J and K 1= K.

If z=a+ b, where a and b record old edges incident with u and v, then
M 0 a 0 0 b
B_<O 0>’ C_<01 10)'
A direct multiplication gives

B—CKyCT = <_]\fT 0”") = DA(L(G))D,

where D = diag([,—1).

(13)

(14)

Lemma 2.1, followed by the sign switch D, gives (13). Every matrix used has integer
entries and determinant 41, so the congruence is integral and unimodular. Equation (14)

follows from In(J & J) = (2,0, 2).

Corollary 7.3. Four-subdivision preserves:

(i) line-graph signature and nullity;

(ii) determinant and nonsingularity;

O



(iii) the conjecture-violation margin ny(L(G)) — n—(L(G)) — 1;
(iv) the adjacency cokernel;
(v) all nonunit Smith invariant factors;

(vi) adjacency nullity over every field.

Proof. The first three claims follow from (13). The block J&.J is unimodular and has Smith
normal form Iy, so it contributes four unit invariant factors and trivial cokernel. Reducing
the same unimodular congruence over an arbitrary field shows that rank increases by four
and nullity is unchanged. O

Corollary 7.4 (Modulo-four reduction). If an edge is subdivided r = 4q + p times, where
0 < p <3, then
In(L(GY)) = In(L(GY))) + (24,0, 2q).

More generally, for a fized homeomorphism core, the line-graph signature and nullity of
all subdivisions depend only on the subdivision vector modulo four.

8 Fixed-signature families

The four-subdivision theorem gives families in which the signature remains two. For
nonnegative a,b, ¢, d, let G(a,b, c,d) be the three-cycle chain with terminal cycle lengths
4a + 5 and 4b + 5, and central attachment-arc lengths 4c + 1 and 4d + 3.

Theorem 8.1. Letq=a+b+c+d. Then
In(L(G(a,b,c,d))) = (9+2q,0,7 + 2q)
and
det A(L(G(a,b,c,d))) = —16.
Every member is a connected planar subcubic cactus counterexample of signature two.

Proof. The graph is obtained from Gg by g four-subdivisions, distributed among the two
terminal cycles and the two central arcs. Apply Theorem 7.2 repeatedly. O

9 Exact classification of three-cycle chains

Definition 9.1. Let T'(p, q; s,t) be the graph formed from terminal cycles Cy, and Cy and
a central cycle whose two bridge-attachment vertices divide it into arcs of lengths s and t.
Assume

P, q >3, s, t>1, s+t>3.

Theorem 9.2 (Computer-assisted exact classification). The graph T (p, ¢; s, t) violates (1)
if and only if
p=qg=1 (mod4)

and

{s mod 4,¢ mod 4} = {1, 3}.

Every such graph has line-graph signature exactly two. All other graphs in this class have
line-graph signature at most one.



Exact finite certificate. By Corollary 7.4, it is enough to examine the 4* = 256 residue
classes of (p, q, s, t). Valid canonical representatives use terminal cycle lengths in {3,4,5,6}
and central arc lengths in {1,2,3,4}, replacing the invalid pair (1,1) by (1,5).

Reversing the orientation of the central cycle gives the arc-swap isomorphism

T(p,q;s,t) = T(q,p;t, ),

which interchanges the two central arcs (s <+ ¢) and the two terminal cycles (p <+ ¢). Since
the census ranges over all 256 ordered residue tuples, both orientations of each graph are
enumerated; the arc-swap image of the excluded arc-residue pair (1, 1) is already present,
so replacing its single invalid representative (s,t) = (1,1) by (s,t) = (1,5) removes no
residue class.

Two independent exact implementations were used. The first computes the integer
characteristic polynomial and counts root signs with rational isolating intervals, includ-
ing multiplicity. The second uses exact rational symmetric-congruence elimination and
does not compute eigenvalues or characteristic polynomials. Both routes agree on every
class. The canonical output is results/three_cycle_residue_classification. json.
Its SHA-256, followed by that of the rowwise comparison, is

£674e3d39241774d1c89101337cbc938927af7167ce2aece964bf36ccbal3blasd
ac8756eac191036£bd27921e8ebbe2bdd80aec6656a3c069e57a077cb3ab50a2

Exactly two oriented residue classes have signature two:
(1,1,1,3) and (1,1,3,1) (mod 4).

The remaining 254 classes have signature at most one. The complete signature distribution
is given in Table 2. O

Table 2: Exact signature distribution among the 256 residue classes.
Signature -4 -3 -2 -1 0 1 2
Number of classes 2 20 70 78 54 30 2

Corollary 9.3 (Computer-assisted exact class-restricted minimality). Within the three-
cycle-chain class, Gy = T'(5,5;1,3) is, up to isomorphism, the unique counterexample of
mintmum order and minimum size.

Proof. The premise is the computer-assisted exact classification in Theorem 9.2. The
smallest cycle length at least three congruent to one modulo four is five, and the smallest
positive unordered arc pair with residues one and three is {1,3}. Hence every counterex-
ample in the class has at least 54+ 5+ 1 + 3 = 14 vertices and at least 16 edges. Equality
forces the parameters of GGo. Cycle rotations and reflection of the central cycle show
uniqueness up to isomorphism. O

10 Reproducibility

The version-specific record for this revision is doi:10.5281/zenodo.21737348. Its repro-
ducibility package contains the manuscript source, the exact scripts, the canonical result
files, the dependency lock, and checksums for every packaged file.
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https://doi.org/10.5281/zenodo.21737348

The principal audit reconstructs from the stated edge lists the seed, the rooted module,
the alternating family, the four-subdivision identity, the four-parameter family, and all 256
three-cycle residue classes. The relevant files are:

e scripts/run_v2_manuscript_exact_audit.py;

e results/v2_manuscript_exact_results.json;

e scripts/classify_three_cycle_chain_residues.py;

e scripts/classify_three_cycle_chain_residues_congruence.py;
e scripts/compare_three_cycle_methods.py;

e scripts/verify_amplifier_displayed_certificate.py.

The two classification scripts are compared row by row. The final script verifies the explicit
amplifier basis printed in Appendix A.

All reported computations use exact integer or rational arithmetic, exact polynomial
factorization, or rational root isolation; no floating-point threshold is used. The finite
classification is computer-assisted exact. The unboundedness theorem is not an extrapo-
lation from the finite computations: it follows from the rooted attachment theorem and
the single exact module certificate.

11 Discussion

The family Fj shows that Conjecture 4.12 cannot be repaired by replacing the constant
one with any universal constant, even on connected simple planar subcubic cactus graphs.
The line-graph signature grows linearly while the root graph remains sparse:

|E(Fy)| — |V (Fy)| = 2k.

The rooted-module lemma provides a general design principle. Any rooted module with
invertible line-graph matrix, zero inverse root diagonal, and positive signature acts as a
signature amplifier. The vanishing of the distinguished inverse diagonal entry is related
to the literature on singular vertex-deleted principal submatrices and inverse adjacency
matrices; NSSD graphs constitute the stronger case in which every inverse diagonal entry
vanishes [4]. The contribution here is not the inverse-diagonal phenomenon in the abstract,
nor the Schur-complement mechanism, but the explicit rooted Cy—C5 line-graph module
realizing In(K) = (6,0,5) with zero inverse root diagonal and its use as a signature
amplifier on an arbitrary host. The module used here is one explicit realization. Classifying
such modules or finding smaller amplifiers is a separate problem.

The four-subdivision theorem reveals a different form of stability. It adds two hyper-
bolic planes to the integral adjacency form and therefore preserves both the real signature
and arithmetic data. This explains why the residue classes modulo four govern the three-
cycle-chain classification.

Global minimality of the seed remains open. The original exhaustive search excludes
root graphs of order at most nine, but orders ten through thirteen have not been eliminated
by a certified global enumeration. Corollary 9.3 is deliberately restricted to the three-cycle-
chain class and remains computer-assisted exact because it depends on Theorem 9.2.

A general rooted-tree or 2-core reduction lies beyond the scope of this paper; in par-
ticular, the universal cyclomatic bound and a universal 2-core reduction remain open.

Mathematical validity and historical novelty are distinct. Ma, Yang, and Li [9] estab-
lished the internal-path real-inertia reduction, and Wang and Fan [11] used its period-four
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consequences for line-graph signatures. The claims made here are limited to the explicitly
stated rooted-module formula, the displayed integral four-subdivision congruence and its
arithmetic consequences, and the restricted families and classification proved above. No
claim of absolute historical priority is made.
A Exact amplifier congruence certificate
Let e1,...,e11 be the standard basis in the edge order used in Section 5:

P, Tox1, X1X2, L2X3, L3X0, L1Y0, YoY1, Y1Y2, Y2Y3, Y3Y4, YaYo-

In this basis the line-graph adjacency matrix of the module is

01001000O0O00O0
10101100000
010101000O00O0
00101000O0O00O0
1101000000O00O0
K=]1]01100010001
00000101001
00000OO0O1O0O1TO00O0
000000OO0O1O0OT1IO0
000000O0OO01O0T1
00000110010
Define T'= (t1 --- t11) by
t1 = eq, ty = eg,

1 1 1
i3 = —e1 — ez +es5, ly = —5e1 — 5e2 +eq + jes5,
ts = eo +e3 —eyq —e5, te = —e1 + e4 + eg,

1 1 1 1
t7:—§62—§63+§64+§€5+67, tg = esg,
1 1 1 1
lg = 5e2 + 53 — 5€4 — 565 — €7 + €9, t10 = eo,
t11 = —ex—e3+es+es+er—eg—eg+eg+ e

Direct multiplication gives detT'= —1 and

TTKT = <(1) é) o[-21@[1/2 @ <g 3) ® <(1) (1)>@2 @ [2],

which is (6). Thus the certificate can be checked using only rational matrix multiplication.
The same identity is reproduced by the versioned verification script and JSON certificate
in the public package. The JSON certificate has SHA-256

206fc4e97aac109c51c7ceb736b812d043c836ea35d2ef87b12da8d37abbad46.
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