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Abstract

Let L(G) be the line graph of a finite simple connected graph G, and let s(L(G)) denote
the signature of its adjacency matrix. The conjecture s(L(G)) < 1 is false, and the signature is
unbounded when the cyclomatic number is allowed to grow. This paper studies what remains
true when the cyclomatic number ¢(G) is fixed and explains how trees attached to the 2-core
affect the signature.

The main tool is an exact reduction for M(G) = Q(G) — 21. Each pendant tree contributes
an inertia term and a diagonal correction on the 2-core. A single attached leaf increases s(L(G))
precisely when a scalar response at its attachment vertex is smaller than f%. This criterion
produces exact counterexamples to the inequality s(L(G)) < max{0, s(L(cores G))}, including
one with cyclomatic number two.

For

f(c) = max{s(L(G)) : G connected and ¢(G) = c},

explicit constructions give f(c¢) > [(c¢+1)/2], while published results on tree Laplacian spectra

and interlacing imply f(c) < e. Thus f(c) is finite and attained for every c. The sharper
inequality 2s(L(G)) < ¢(G) + 1 remains open. Exact computations support it through order
eight; the accompanying code independently reproduces the census through order seven, while
the order-nine computation is numerical screening only.
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complement; rooted response.
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1 Introduction

For a graph H, let In(H) = (n4(H),no(H),n_(H)) be the inertia of its adjacency matrix and
let s(H) =ny(H) —n_(H) be its signature. If G is a connected graph with unoriented incidence
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matrix B, then

AL(G)+2I=B"B, Q(G)=BB',
where Q(G) is the signless Laplacian. The nonzero spectra of B' B and BB agree, so the
signature of the line graph can be studied on the vertex space of G' through the shifted matrix

M(G) = Q(G) — 2I.

This elementary identity is the starting point of the paper.
Akbari, Elphick, Kumar, Pragada and Tang conjectured that

ny(L(G)) < n_(L(G)) + 1, equivalently  s(L(G)) <1, (1)

for every connected graph G [1]. They proved the inequality for line graphs of trees and in a dense
range, and verified it for small graphs. Exact connected counterexamples were subsequently given
by Paone [21], and unbounded families, including planar subcubic cactus graphs, were obtained
by Paone [22]; Francis and Uptain independently obtained another unbounded construction [11].
Chen and Li [5] refuted a different, global inertia conjecture from the same source paper.
Unboundedness leaves a natural parameterized question. The cyclomatic number

o(G) =BG - V(@) +1

counts the number of independent cycles of a connected graph. The known unbounded families
increase their signature by increasing ¢(G). This suggests asking how large s(L(G)) can be when
c(QG) is fixed.

A second question concerns the 2-core. Removing pendant trees does not change the cyclomatic
number, so one might expect the line-graph signature to be controlled by the 2-core alone. The
exact calculation is subtler. Eliminating a pendant tree from Q(G) — 21 leaves both an inertia
contribution and a diagonal perturbation at its attachment vertex. The perturbation can change
the signature, and in some cases it increases it.

The paper develops this observation in four steps.

1. Section 3 gives an exact attachment formula for pendant trees. It also identifies a scalar
response at an attachment vertex and proves that adding one leaf raises the line-graph

signature exactly when that response is below —%.

2. Section 4 uses the criterion to disprove the monotone 2-core inequality
s(L(G)) < max{0, s(L(corea G))}.

The first example has ten vertices and cyclomatic number four; a second example shows that
the failure already occurs at cyclomatic number two.

3. Section 5 studies f(c) = max{s(L(G)) : ¢(G) = ¢}. Explicit constructions give the lower
bound |(c+ 1)/2], and a spanning-tree argument gives the upper bound c.

4. Section 6 states two open conjectures. The first asks whether extremal 2-cores are stable
under pendant attachments. The second bounds the total signature increase produced by
a pendant forest. Together they describe what would be needed to prove the conjectured
sharp bound 2s(L(G)) < ¢(G) + 1.

The mathematical statements do not depend on the computational searches. Exact com-
putations are used to certify the explicit counterexamples and to test the open conjectures on
finite domains. Section 7 separates these finite results from the proofs and states precisely which
computations are reproduced by the accompanying package.



2 Definitions and notation

All graphs are finite and simple, and are connected unless stated otherwise. For a graph G, write
A(QG) for its adjacency matrix, Q(G) = D(G) + A(G) for its signless Laplacian, and

M(G) = Q(G) — 2I.

The line graph L(G) has vertex set F(G), with two vertices adjacent when the corresponding edges
of G share an endpoint. The 2-core cores G is the maximal subgraph of minimum degree at least two.
For a symmetric real matrix S, write In(S) = (n4.(S5),no(5),n—(S)) and sig(S) = ny(S) —n_(9).
Congruent symmetric matrices have the same inertia, and inertia is additive across an invertible
Schur complement [14, 16].

The diagonal entry (M '), measures how the inertia changes under a rank-one perturbation
at the vertex x. This scalar is the local quantity that controls the effect of attaching a leaf, so we
give it a name.

Definition 2.1 (Response at an attachment vertex). Let H be a graph, let x € V(H), and put
M = M(H). If M is invertible, the response at x is

gz = (M_l)z:v-

If M is singular and e, € col(M), choose any solution of My = e, and define g, = y,. Lemma 3.1
shows that this value is independent of the chosen solution. If e; ¢ col(M), the response is
undefined.

Lemma 2.2 (Vertex-space identity). For every connected graph G with at least one edge,
s(L(G)) = sig(M(G)) — ¢(G) + 1.

Proof. The nonzero spectra of B' B = A(L(G))+2I and BBT = Q(G) agree. The remaining zero
eigenvalues of B' B contribute eigenvalues —2 to A(L(G)). Counting the eigenvalues on either
side of the threshold 2 in Q(G) gives the stated identity. The bookkeeping, including the bipartite
case, is written out in Appendix A. O

3 Attachment formulas for pendant trees

This section records the matrix identities needed to remove pendant trees from M(G). The
underlying tools are classical Schur-complement and congruence arguments [14, 4]. The new point
for the present problem is their specialization to Q(G) — 21, together with the —% threshold in
Lemma 3.3 and the exact 2-core formula in Proposition 3.6.

Lemma 3.1 (Range-compatible attachment lemma). Let K be a symmetric k x k matriz, let
e € QF, and suppose that Ky = e is solvable. Let C' be symmetric, let z be a coupling vector, and

set T
K ez
§= <zeT C > '

Then ey is independent of the solution y, and

In(S) = In(K) + In(C - (eTy)zzT) .



Proof. If Ky = Ky’ = e, then y — 4/ € ker K. Since K is symmetric,
e'ly—y)=Ey) (y—y) =y Ky—y) =0

Thus ey is well defined. With T' = (é _yIZT ), direct block multiplication gives

T'ST=K® (C’ - (eTy)zzT> .
The matrix 7' is invertible, so Sylvester’s law of inertia completes the proof. 0

Remark 3.2. For invertible K, Lemma 3.1 is the usual Schur-complement formula with ey =
e K~'e. Range-compatible generalized Schur complements for singular blocks are classical [4],
and a closely related cut-vertex congruence for adjacency matrices appears in Wang and Fan [26].
The lemma is included to fix the exact form used below and to cover singular attachment vertices
without introducing a pseudoinverse.

Lemma 3.3 (Effect of adding one leaf). Let H be connected, let x € V(H), and let G be obtained
by adding one leaf adjacent to x. Then

sig M(G) = —1 +sig(M(H) + 2e,e, ).

If the response g, of Definition 2.1 is defined, then

2a gz < 2
sig(M(H) + 2ege, ) —sigM(H) =41, g, = -1,
0, g > —%.

Consequently s(L(G)) — s(L(H)) € {—1,0,1}, and the change is +1 ezactly when g, < —%.

Proof. Order the new leaf first. Its diagonal entry in M (G) is —1, and the edge to z raises the
x-diagonal of M(H) by one. Pivoting on the leaf therefore gives

In(M(G)) = (0,0,1) + In(M(H) + 2e,e, ),

which proves the first formula.
For the rank-one update, consider

Pivoting on the upper-left entry gives
In(S) = (0,0,1) + In(M(H) + 2e,e, ).
Pivoting instead on M (H ), using Lemma 3.1 when M (H) is singular, gives
In(S) = In(M(H)) + In(~} — g,).

Comparing the two expressions yields the three cases. Finally, ¢(G) = ¢(H), so Lemma 2.2
identifies the change in sig M with the change in line-graph signature. O



Remark 3.4 (Three related changes). It is useful to keep three quantities separate. The net change
after adding the leaf is
Ay =sigM(G) —sigM(H) € {—1,0,1}.

The rank-one update inside the proof has jump
J = sig(M(H) + 2eze, ) —sig M(H) € {0,1,2}.
They satisfy Ay = J —1. Because the cyclomatic number is unchanged, Ay = s(L(G)) — s(L(H)).

Lemma 3.5 (Rooted-tree invertibility and parity). For a rooted tree (T,r), define
Cr=Q(T) —2I + eye, .

Then Cr is nonsingular, and the response p = (C’EI)W is a rational number whose reduced
numerator and denominator are both odd. In particular, the response of every pendant rooted tree

is defined.

Proof. Proceed by induction on |T'|. For a single vertex, Cp = (—1) and p = —1.
Suppose that the root has children carrying rooted subtrees (7}, r;) with responses p; = p;/q;
in lowest terms. By induction, p; and ¢; are odd. Eliminating the child blocks leaves the scalar

k

o= k-1-Yn-g  @=[[n

i=1

Modulo two, Q = 1 and
N=(k-1—k=1 (mod 2).

Thus N is odd and nonzero, so the reduced root block is nonsingular. Its inverse entry is
p=1/a=Q/N, which again has odd numerator and odd denominator after reduction. O

Proposition 3.6 (Exact reduction to the 2-core). Let G be connected with nonempty 2-core
H = corea G. At a core vertex x, let (T j,r5;) be the pendant rooted trees. Write

Oz,j = Sig CTx,j’ Pz,j = (szl,j)Tz,sz,j'
Set
T= 0njy D= (1—psj)
z,j J
Then

sig M(G) =7 +sig(M(H) + D).

Proof. Eliminate the pendant trees one at a time, starting with the branches farthest from the
2-core. The block belonging to a rooted branch is Cr, which is nonsingular by Lemma 3.5.
Lemma 3.1 replaces that block by its inertia contribution sig Cr and changes the diagonal entry at
the attachment vertex by 1 — p. Summing these independent contributions gives the formula. [



each rooted tree contributes
an inertia term o and
H = cores G a diagonal correction 1 — p

Figure 1: Eliminating pendant trees does not simply recover the unperturbed 2-core. It produces
the diagonally perturbed matrix M (H) + D.

Proposition 3.7 (Recurrence for a rooted tree). Let the root of (T,r) have k child subtrees with
states (o, pi). Put
a=(k=1)=) pi
i

Then
(0,0) = (Z o1 +sign(a), 1) .

The one-vertex tree has state (—1,—1), and Lemma 3.5 ensures that a # 0 for every rooted tree.
Together with Lemma 3.1, the pair (o, p) determines the signature effect of attaching the rooted
tree at a single attachment vertex whenever the scalar response is defined.

Proof. Eliminating the child blocks leaves the scalar a at the root. Inertia additivity contributes
sign(a) to the signature, and the root response is 1/a. O

Remark 3.8. The recurrence is a complete description of pendant rooted trees, but its state space
is infinite. For example, the star with k leaves has state (1 — k,1/(2k — 1)). Algebraic one-vertex
states that do not come from rooted trees may have a = 0; in that case a scalar response is
insufficient and one must retain range and nullspace information.

Remark 3.9 (The state does not satisfy simple converses). Finite exact enumeration shows that
the implication ¢ = 0 = p = 1 holds for rooted trees through order thirteen, but the converse
fails: at order ten exactly three rooted trees have state (—2,1). A second proposed inequality,
1 — p < 2|o|, fails at order eleven, where a rooted tree has state (—3, —21). These observations are
finite exact results, not general theorems.

4 Counterexamples to 2-core monotonicity

Proposition 3.6 is an exact reduction, but it involves the perturbed matrix M (H) + D. The
diagonal correction cannot in general be removed. The two graphs in Figure 2 show the failure at
cyclomatic numbers four and two.



x <>1©

(b) A C4 and a Cj5 joined through z, with a leaf at x.

(a) A subdivided edge of K33, with a leaf at x.

Figure 2: The 2-core counterexamples. Removing the leaf returns the entire 2-core in each case,
but the leaf increases the line-graph signature by one.

Theorem 4.1 (A ten-vertex counterexample with ¢ = 4). Let H be obtained from K33 by replacing
one edge with a path of length four. Let x be the subdivision vertex adjacent to one endpoint of the
replaced edge, and let G be obtained by adding one leaf at x. Then

In(A(L(H))) = (6,0,6),  In(A(L(G))) = (7,0,6).

In particular,

S0

s(L(G)) > max{0, s(L(corea G))}.

Proof. The graph H has nine vertices, twelve edges and cyclomatic number four, and it is the
2-core of G. Exact rational elimination gives

g:r:_i

for M(H). Lemma 3.3 therefore shows that the added leaf increases the line-graph signature by
one. The exact inertias above follow from the characteristic polynomial and root count recorded in
Appendix B. The conjectured sharp bound is not contradicted: 2s(L(G)) =2 <¢(G)+1=5. O

Theorem 4.2 (A counterexample with ¢ = 2). Let H consist of a 4-cycle and a 5-cycle joined by
a path of length two, and let x be the internal vertex of that path. Let G be obtained by adding one
leaf at x. Then M(H) is singular, e; € col(M(H)), and the response at x is

3

Gz = _1-

Moreover,

s(L(H) =0,  s(L(@)) = 1.

Thus the monotone 2-core inequality already fails at cyclomatic number two. The same example
disproves a uniform lower bound g, > —1/2 on 2-cores and shows that a rank-one diagonal update
can increase sig M by two.

Proof. The base graph H has ten vertices, eleven edges and cyclomatic number two. Solving
M(H)y = e, exactly gives y, = —3/4. Lemma 3.3, in the singular form supplied by Lemma 3.1,
gives a signature increase of one. The exact inertias and characteristic polynomial are listed in
Appendix B. Again the sharper conjecture survives: 2s(L(G)) =2 <3 =¢(G) + 1. O



Remark 4.3 (What is known about minimality). The graph in Theorem 4.1 is the smallest
counterexample found in the searches performed for this work, but global minimality is not proved.
The relevant finite results are as follows.

Domain Method Result

Connected graphs with at least one exact, reproduced by the no counterexample

edge, orders 2-7 (995 graphs) package

Connected graphs of order 8 (11,117  previous exact computation, no counterexample
graphs) not rerun by the package

One-leaf attachments to order-8 previous exact computation no smaller counterexample
minimum-degree-two cores (59,536

cases)

Minimum-degree-two graphs with previous exact computation no smaller counterexample in
c<4andn <10 that domain

Connected graphs of order 9 numerical screening only no candidate found

An exact order-nine census is therefore still required before the nine-vertex case can be excluded.

5 Bounds at fixed cyclomatic number

Definition 5.1. For ¢ > 0, define
f(e) = max{s(L(G)) : G is connected and ¢(G) = ¢},
provided the maximum exists.

The next proposition is a short consequence of published results on tree Laplacian spectra. It
is included because it shows that f(c) is finite; no novelty is claimed for the ingredients.

Proposition 5.2 (General upper bound). For every connected simple graph G,
s(L(G@)) < ¢(@G).
Consequently f(c) exists and satisfies f(c) < c.

Proof. Let T be a tree on n > 2 vertices. Since T is bipartite, Q(7") and the Laplacian of T" have
the same spectrum. Zhou, Zhou and Du [28] show that at least [n/2] Laplacian eigenvalues lie in
[0,2). When n is even and equality occurs, the perfect-matching case of Li, Shiu and Chang [17]
supplies an eigenvalue equal to 2. In both cases

sig(Q(T) — 2I) < —1,

and Lemma 2.2 gives s(L(T")) < 0. The one-vertex tree is immediate.
Now choose a spanning tree T' of G. The edges of T' index a principal submatrix A(L(T)) of
A(L(G)) of codimension
[E(G)] = [E(T)| = c(G).

Interlacing yields n4 (L(G)) < ny(L(T)) + ¢(G) and n_(L(G)) > n_(L(T)). Hence
S(L(G)) < S(L(T)) + () < (G,

Because the signatures are integers and connected graphs exist for every cyclomatic number, the
supremum is attained. ]



Theorem 5.3 (Lower bound for every c). For every integer ¢ > 1,

c—i—lJ

CHE:

Proof. For odd ¢ = 2k + 1, the amplifier family Fj, from [22] satisfies

c+1

In(L(F}) = (6k+3,0,5k +2),  s(L(F) =k+1="—

For even ¢ = 2j, start with F;_; and attach a 4-cycle by one bridge, as shown in Figure 3. In
the edge ordering (b, wzx, xy, yz, zw), the line-graph block of the five new edges has inertia (2, 1, 2).
The vector

y=1(0,1,0,—1,0)"

satisfies Ky = e, and el;ry = 0. Lemma 3.1 therefore shows that the attachment adds one cycle
without changing the signature. Thus

sy =i= |25

v
base graph Y

Figure 3: The singular Cy attachment used for even cyclomatic number. It increases ¢(G) by one
and leaves the line-graph signature unchanged.

Combining Proposition 5.2 and Theorem 5.3 gives

{c—i—l

B CET)

Two explicit construction families attain the lower value through ¢ = 13. They are isomorphic for
¢ < 3 and non-isomorphic for 4 < ¢ < 13; this finite comparison is not used in the proof.

Conjecture 5.4 (Sharp bound at fixed cyclomatic number). For every connected simple graph G,
2s(L(G)) < e(G) + 1.

FEquivalently,

(c>1).

No counterexample is known. The conjecture has been checked exactly on all connected graphs
of order at most eight, although the accompanying package reproduces only the part through order
seven. A complete traversal at order nine found no candidate numerically, but that computation
is not an exact verification. Further finite tests are summarized in Section 7.



6 Pendant attachments on extremal cores

A minimum-degree-two graph H with cyclomatic number ¢ will be called extremal when

S(L(H)) = r; 1J .

The counterexamples in Section 4 arise from attachment vertices with response below —1/2. In the
finite computations, no such vertex was found on an extremal core. This motivates the following
conjecture.

Conjecture 6.1 (Stability of extremal cores). Let H be an extremal minimum-degree-two graph.
Then no vertex x of H has response g, < —%. Equivalently, adding one leaf to H never increases
s(L(H)).

More strongly, attaching any pendant forest to an extremal core does not increase the line-graph
stgnature.

The one-leaf statement does not automatically imply the pendant-forest statement, because
diagonal changes at different vertices interact in Proposition 3.6. Both assertions are therefore
open. Moreover, stability of extremal cores alone does not prove Conjecture 5.4: a non-extremal
core may gain signature while still remaining below the conjectured maximum. The required
quantitative statement is the following.

Conjecture 6.2 (Bound on the increase from pendant forests). Let G be connected with nonempty
2-core H. Then

S(1(©) - s(r() < | OIS BEED ]

Since ¢(G) = ¢(H), this inequality says that pendant trees cannot increase the signature by
more than the difference between the core’s signature and the conjectured extremal value. If the
2-core satisfies Conjecture 5.4, then Conjecture 6.2 implies the same bound for G. Its extremal
case is the strong part of Conjecture 6.1.

The exact tests described in Section 7 found no violation of either conjecture. They also found
many positive leaf gains on non-extremal cores, which confirms why an argument based only on
extremal stability would be incomplete.

7 Computational verification

The computations serve two purposes: they certify the explicit examples and test the open
conjectures on finite domains. They are not used as substitutes for the proofs in Sections 3 and 5.

All results labelled exact were obtained without floating-point arithmetic. The main methods
were rational symmetric congruence and integer characteristic polynomials with certified real-root
counts. The two central counterexamples were also recomputed in a separate computer-algebra
system.

10



Object or domain

Exact scope and method

Reproduction status

Counterexamples in
Theorems 4.1 and 4.2
Leaf criterion

Rooted-tree recurrence
and parity
Pendant-tree reduction

Connected graphs, orders

2-7
Connected graphs, order 8

Connected graphs, order 9
Structured exact searches

Response boundary cases

Extremal-core attachment
tests

Explicit extremal families
Endpoints ¢ =14, ...,20

rational congruence, exact characteristic
polynomials, certified root counts

2,537 nonsingular vertex cases, including the
boundary g, = —1/2; 300 singular solvable-vertex
cases

all 141,083 rooted trees of order at most 15

all 1,205 rooted trees of order at most 10 and the
two central counterexamples
995 connected graphs with at least one edge

11,117 graphs; together with lower orders, 12,113
through order 8

complete numerical traversal
minimum-degree-two graphs with ¢ <4, n < 10;
59,536 one-leaf updates; 12,474 rooted
chorded-cycle cases; 1,305 three-cycle chains
2,563 exact cases with g, = —1/2; minimum
observed response —29/6 on a non-extremal core

720 isomorphism classes of base graphs; 14
extremal classes; 1,400 two-leaf support pairs on 11
extremal classes

both families through ¢ = 13

one construction family

fully reproduced

fully reproduced

fully reproduced
fully reproduced
fully reproduced

previous exact
computation; not rerun
by the package
screening only

previous exact
computations; not rerun
by the package

previous exact
computations; not rerun
by the package

exact within the stated
domain

fully reproduced
previous exact
computation; not rerun
by the package

In the extremal-core tests, no extremal graph had a response below —1/2; and neither one-leaf

nor two-leaf attachments increased its signature. On non-extremal graphs, 416 one-leaf increases
were observed; every one remained within the bound proposed in Conjecture 6.2. These are
bounded negative tests and do not prove either conjecture.

Graph generation was cross-checked against standard counts. Connected graphs through order
seven were taken from the Graph Atlas, and rooted trees were generated independently using the
Beyer—Hedetniemi method [3]. The accompanying reproducibility package contains the scripts,
exact certificates, graph encodings, expected outputs, environment information, manifest and
checksums. Appendix C states which parts of the table are and are not reproduced by that
package.

8 Relationship to previous work

8.1 The source conjecture and its refutations

Conjecture (1) and its partial results are due to Akbari, Elphick, Kumar, Pragada and Tang [1].
Paone’s first preprint gives an exact connected counterexample [21]; a second preprint develops
unbounded families and transfer principles [22]. Francis and Uptain independently obtain exact
connected counterexamples and an unbounded chaining construction [11]. The unboundedness

11



preprints of Paone and of Francis—Uptain carry the same public date; no intraday priority claim
is made. Their work is directly relevant to refutation and unboundedness. The present paper
addresses different questions: the effect of pendant trees, the failure of 2-core monotonicity, and
extremal signature at fixed cyclomatic number. Chen and Li [5] concern the global quadratic
inertia conjecture rather than the line-graph conjecture.

8.2 Cycle structure and the threshold 2

Ma, Yang and Li [19] proposed signature bounds in terms of cycle counts modulo four and proved
them for several graph classes. Wang and Fan [26] proved the corresponding bounds for line graphs.
Those results use cycle counts in the line graph, whereas Conjecture 5.4 uses the cyclomatic
number of the root graph.

Several papers study the multiplicity of the signless-Laplacian eigenvalue 2 or the number
of eigenvalues on one side of that threshold. Zhao and Yu [27], Li, Guo, Tian and Wang [18],
and Batal [2] give circuit-rank bounds on relevant multiplicities. Wang and Belardo [25] and
Feng, Wang and Belardo [10] classify graphs with few signless-Laplacian eigenvalues above or at
2. These results constrain the nullity or one side of the inertia of Q(G) — 2I. The line-graph
signature, however, depends on the difference between the numbers of eigenvalues above and below
2. Accordingly, none of these results directly yields the conjectured inequality 2s(L(G)) < ¢(G) +1.

8.3 Trees and the general upper bound

The inertia of line graphs of trees has been studied directly [13, 20]. For the argument in
Proposition 5.2, the relevant inputs are the count of tree Laplacian eigenvalues below 2 due to
Zhou, Zhou and Du [28] and the perfect-matching equality case of Li, Shiu and Chang [17]. The
passage from a spanning tree to the bound s(L(G)) < ¢(G) is then an immediate interlacing
argument. We do not claim that coarse upper bound as an independent new theorem.

8.4 Attachments, inverse diagonals and singular blocks

Schwenk’s coalescence formulas [23] and the rooted-product formulas of Godsil and McKay [12]
are classical spectral tools for attaching rooted graphs. Haynsworth inertia additivity [14] and
range-compatible singular Schur complements [4] supply the matrix mechanism used here. Wang
and Fan [26] use a related solvable-column congruence for adjacency matrices.

For an invertible symmetric matrix K, the identity (K~ !),, = det K[z]/det K relates an
inverse diagonal to a vertex-deleted principal minor. Vanishing inverse diagonals are central in the
NSSD literature [8, 9]. The response used here is the same scalar for the shifted signless Laplacian
Q@ — 21, but the relevant condition is the inequality g, < —1/2, not vanishing. Lemma 3.1 extends
the calculation to singular matrices when the coordinate vector lies in the column space.

8.5 Classical line-graph structure and subdivision

The spectral theory of graphs with least eigenvalue at least —2 is classical [6]; related signature
results appear in [15]. Four-subdivision invariance for inertia is available in [19], and an integral
line-graph refinement appears in [22]. General inertia bounds involving matching and cyclomatic
number for adjacency matrices, rather than line graphs, are given in [7]. Standard Smith-normal-
form background is in [24].

12



The literature reviewed for this manuscript did not reveal a published result stating or directly
implying the sharper bound 2s(L(G)) < ¢(G) + 1, the leaf threshold of Lemma 3.3, or the exact
pendant-tree reduction of Proposition 3.6. This is a limited literature statement, not an absolute
priority claim. No novelty is claimed for Schur complements, rooted products, coalescence formulas,
interlacing, or the coarse upper bound s(L(G)) < ¢(G).

9 Limitations and open problems

1. Exact order-nine census. The order-nine search used numerical screening. An exact
census would test Conjecture 5.4 and would also determine whether the ten-vertex graph in
Theorem 4.1 is globally minimal.

2. Sharp upper bound. Proposition 5.2 gives f(c) < c¢. The main open problem is to prove
or refute 2s(L(G)) < ¢(G) + 1.

3. Stability of extremal cores. Prove or refute Conjecture 6.1. Large even-cyclomatic
examples are among the first untested families.

4. Total effect of a pendant forest. Prove or refute Conjecture 6.2. This quantitative
statement, rather than single-leaf stability alone, is what a proof by reduction to the 2-core
would need.

5. Several attachment vertices. Develop a response-matrix version of Lemma 3.1 that retains
the necessary range and nullspace information for singular blocks with several attachment
vertices.

6. Kernel enumeration. After suppressing degree-two paths, a minimum-degree-three kernel
with cyclomatic number ¢ has at most 2c — 2 vertices. Exact enumeration gives 3, 15 and
111 kernels for ¢ = 2, 3,4. Extending the enumeration to ¢ = 5 would make a kernel-based
approach concrete for the next case.

7. Equality cases. Classify the graphs attaining |(c+ 1)/2], allowing for four-subdivision and
attachments that leave the signature unchanged. The classification of three-cycle chains in
[22] provides a starting point.

8. Algorithms at fixed c. Kernel reduction and exact response data suggest a fixed-parameter
approach. The rooted-tree state space is infinite, so a finite algorithm would need an
equivalence relation that preserves only the inequalities relevant to the signature. The
resulting bit complexity is open.

Conclusion

Pendant trees influence the line-graph signature through explicit diagonal corrections on the 2-core.
The response at an attachment vertex determines the effect of one leaf, and responses below
—1/2 produce exact counterexamples to monotone 2-core reduction. The failure already occurs at
cyclomatic number two.

At fixed cyclomatic number, the signature is nevertheless bounded:

{c—i—l

. Jgf(C)SC-
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The lower bound is attained by explicit constructions, and the upper bound follows from tree
spectra and interlacing. Determining the exact value of f(c), and understanding how pendant
forests behave on extremal cores, remain the principal open problems.

A Additional proof details

A.1 Spectral bookkeeping for Lemma 2.2

Let B be the n x m unoriented incidence matrix. The matrices B'B = A(L(G)) + 2I and
BBT = Q(G) have the same nonzero eigenvalues. Let zg be the nullity of Q(G), and let g,
g2 and ¢_ count the positive eigenvalues of Q(G) — 21, its zero eigenvalues, and the eigenvalues
of Q(G) in (0,2), respectively. Since rank B = n — zg, the extra zero eigenvalues of B B have
multiplicity m — n + 2g. Therefore

ne(L(G) =qs,  n_(L(G) = - +m—n+ 2,
whereas
5ig(Q(G) — 21) = a1 — ¢ — 7.
Subtracting gives

S(L(G)) = sig(Q(G) — 2I) — (m — n) = sig(M(G)) — ¢(G) + 1.

The separation of the zero eigenvalues of Q(G) is necessary in the bipartite case.

A.2 The undefined-response case in Lemma 3.3

If e, & col(M(H)), the scalar response is undefined. A direct congruence of the bordered matrix
used in the proof produces a hyperbolic pair, and the rank-one update changes the signature by
one. None of the counterexamples or constructions in this paper uses this case.

A.3 Relation between Conjectures 6.1 and 6.2

If the 2-core H is extremal, the strong form of Conjecture 6.1 says that a pendant forest produces
no positive net change. If H is not extremal, that statement gives no bound on the amount of a
possible increase. Conjecture 6.2 supplies the missing quantitative estimate. Because ¢(G) = ¢(H),

o(G) +1 —225(L(H))J . {C(Gy 1J

S(L(G) < (L) + |
whenever the 2-core satisfies the conjectured sharp bound.

A.4 The even-c attachment in Theorem 5.3

Let b = vw be the bridge from the base graph to a 4-cycle wzyz. In the edge ordering
(b, wz, zy, yz, zw), the line-graph block of the new edges is

0

In(K) = (2,1,2).

~
Il
— o o= o

1
0
1
0
1

O = O = O

0
1
0
1

O = O = =
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For y = (0,1,0,—1,0)", one has Ky = e; and eg—y = 0. The coupling to the line graph of the base
graph has the form e,z ". Lemma 3.1 therefore adds the inertia (2,1,2) and leaves the signature
unchanged.

B Exact certificates for the principal examples

The graph encodings below use graph6. They are included so that the examples can be reconstructed
independently of the figures.

The ten-vertex example of Theorem 4.1

base graph H HBzc?CP  (isomorphic encoding: HsX_WCP)

graph G IBzc?CP?_  (isomorphic encoding: IsX_WCP?0)

parameters n(G) =10, m(G) = 13, ¢(G) = 4

inertias In(L(H)) = (6,0,6), In(L(G)) = (7,0, )
W(M(H)) = (6,0,3), Wn(M(G)) = (7,0,3)

response ge = —3/2

The characteristic polynomial of A(L(G)) is

(z — 1)*(z +2)*(2® — 427 — 82° + 3227 + 252" — 722° — 3227 + 30z — 4).

The cyclomatic-number-two example of Theorem 4.2

base graph H I17GGCHa?

graph G J17GGCHa??_

parameters n(G) =11, ¢(G) =

inertias In(L(H)) = (5,1 5) n(L(G)) = (6,1 5)
(M4 (11)) = (5,1, 4), n(M(G)) = (61,8

response M (H) singular, range response g, = —3/ 4

The characteristic polynomial of A(L(G)) is
w(z +2)(2? + 2 — 1) (2® — 327 — 825 4 2325 + 212 — 522° — 162” + 34z — 4).
Earlier seed example
The bridge chain C5—Cy—C5 has n = 14, m = 16, ¢ = 3 and
In(L(G)) = (9,0,7), s(L(GQ)) = 2.

This is the counterexample first reported in [21] and used in the later construction paper [22].

Rooted-tree state examples

The first finite counterexamples to the converse p = 1 = ¢ = 0 occur at order ten, where exactly
three rooted trees have state (—2,1). An order-eleven rooted tree has state (—3, —21), disproving
the proposed inequality 1 — p < 2|o|. Encodings and direct matrix calculations are included in the
supplementary data.
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C Computational details and package scope

The exact inertia calculations use symmetric elimination over Q. For the principal examples, an
independent route forms the integer characteristic polynomial and counts real roots exactly on the
intervals (—o0,0), {0} and (0, 00). The graph6 strings in Appendix B allow the matrices to be
reconstructed directly.

The accompanying package reproduces:

e the two counterexamples and their responses;

e the connected-graph census through order seven;

the rooted-tree recurrence and parity test through order fifteen;

the pendant-tree reduction tests through order ten;

the stated extremal constructions through ¢ = 13;
e the finite extremal-core attachment tests described in Section 7.

The package does not reproduce the exact order-eight census, the exact endpoints ¢ = 14, ..., 20,
or several larger structured searches. Those results are retained in the manuscript only with that
limitation stated. The order-nine traversal uses floating-point eigenvalues and is reported only as
screening. No finite computation is used as a proof of a universal statement.
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